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Kappa-Slender Modules∗
By
Radoslav Dimitric
Abstract. For an arbitrary infinite cardinal κ, we define classes of cκ-slender and
tκ-slender modules as well as related classes of hκ-modules and initiate a study of
these classes.
0. Preliminaries
The Axiom of Choice (AC) is assumed which in particular implies that the class
of ordinals may be well-ordered and that the cardinals may be then enumerated by
ordinals and replaced by alephs ℵα; the smallest ordinal of cardinality ℵα is denoted
by ωα and ω = ω0 will be used to denote the first infinite ordinal. We will freely
interchange ℵα and ωα. Given ordinals β and α, we say that α is the cofinality of
β (notation α = cfβ), if α is the smallest ordinal order-isomorphic to a subset A of
β such that the least upper bound of A is β. An ordinal β is said to be regular, if
cf β = β; otherwise, β is a singular ordinal. α = β +1 is called the successor ordinal
to β. If α cannot be represented in this form, then α is said to be a limit ordinal. A
cardinal λ is called regular if it is not the supremum of < λ cardinals which are < λ;
equivalently λ is not the sum of fewer than λ cardinals which are < λ, equivalently,
if cfλ = λ; other cardinals are called singular cardinals. ℵn’s are regular cardinals,
while ℵω is singular, since
∑
n<ω ℵn = ℵω. The first cardinal greater than cardinal
κ is denoted by κ+ and cardinals of this form are called successor cardinals; other
cardinals are called limit cardinals. Every successor cardinal is regular.
For a non-empty infinite set I, I ⊆ 2I is an ideal on I, if A ∈ I and B ⊆ A
imply that B ∈ I and any finite union of members of I is again in I. This is a
proper ideal, if I /∈ I; otherwise, it is improper. Dually, we arrive at the notion of
a filter: F ⊆ 2I is a filter on I, if A ∈ F and A ⊆ B imply that B ∈ F and any
finite intersection of members of F is again in F . This is a proper filter, if ∅ /∈ F ,
otherwise it is an improper filter. {A ⊆ I : |A| < |I|} is a proper ideal on I and, dually,
{A ⊆ I : |cA| < |I|} is a proper filter on I. For an infinite cardinal κ, If |I| = κ, then
FFκ = {X ⊆ I : |cX | < κ} is a proper filter, called the κ-Fre´chet filter. The filter is
∗
The first (handwritten, unpublished) version of this paper dates back to 1985.
email: dimitricr at member.ams.org
1
2 κ-Slender Modules
still proper if κ < |I|. If we do not have restrictions on κ in relation to |I|, the filter
Fκ = {X ⊆ I : |cX | < κ} is a co-κ-filter that may be improper (F = 2
I). Given an
infinite cardinal κ a filter F is called κ-complete, if, for every non-empty F1 ⊆ F with
|F1| < κ we have ∩F1 ∈ F . With this definition, all filters are ℵ0-complete; an ℵ1-
complete filter will be called countably complete. One can show that F is principal
iff it is κ-complete, for every κ. A filter is κ-incomplete, if it is not κ-complete;
in particular, we define countably incomplete filters. For x = (xi)i∈I ∈
∏
i∈I Ai
denote the zero set zero(x) = {i ∈ I : xi = 0} and the complement non-zero set
supp(x) = {i ∈ I : xi 6= 0}. Given a filter F on a non-empty index set I, the F
subproduct is Π(F) =
∏F
i∈I Mi = {x ∈
∏
Mi : zero(x) ∈ F}. If F is a co-κ-filter,
then the corresponding subproduct will be denoted by
∏κ
i∈I Mi; namely it consists
of all the vectors x = (xi)i∈I with support of cardinality < κ.
The coordinate vectors ei : I −→ R are defined by ei(j) = 0, if i 6= j and
ei(i) = 1 ∈ R.
We will work within a category of (left) R-modules RMod and our functions will
be morphisms in that category; in particular, R is seen as an object in this category,
not in the category of rings. To simplify the discussion, we may assume, if need be,
that rings R are domains with unities and that all modules are unitary. We may
assume that cardinalities of our index sets are less than some large cardinal m, such
as a measurable cardinal, or an inaccessible cardinal.
1. Coordinate slenderness
Definition 1. Given an arbitrary (infinite) cardinal κ, define a (left) R-module M
to be κ-slender, if, for every index set I of cardinality κ, every family of R-modules
Ai, i ∈ I, and every morphism
f :
∏
i∈I
Ai −→M, |{i ∈ I : f |Ai 6= 0}| < κ.
In this way, the well-known notion of slender module is a special case, namely of
an ω0-slender module (see Dimitric (2017), for a thorough study of classes of slen-
der objects). Another, more appropriate name we will use is coordinatewise or cκ
slenderness.
The purpose of this note is to look into κ-slenderness for uncountable κ.
Note 2. If M is not κ-slender, then, every morphism f :
∏
I Ai −→ M , such that
for J = {i ∈ I : f |Ai 6= 0}, |J | ≥ κ will be called a non-slender morphism. Given a
non-κ-slender module M , such a non-slender morphism always exists and, by taking
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the appropriate restriction to
∏
J Ai we may then assume that, for a non-κ-slender
module M , there is a morphism f :
∏
I Ai −→ M with |I| = κ, such that f |Ai 6= 0,
for every i ∈ I.
We note immediately that, in the definition, we may take any index set of cardi-
nality > κ as well as that we may replace all Ai by cyclic modules or by the identical
objects, namely the ground ring R as detailed in the following:
Theorem 3. Given an infinite cardinal κ and an M ∈ RMod, the following are
equivalent:
(1) M is κ-slender.
(2) ∀I |I| ≥ κ ∀Ai ∈ RMod, i ∈ I, for every morphism f :
∏
i∈I Ai −→ M ,
|{i ∈ I : f |Ai 6= 0}| < κ.
(3) ∀I |I| ≥ κ, for every morphism f :
∏
i∈I Ri −→M, ∀iRi = R,
|{i ∈ I : f(ei) 6= 0}| < κ.
(4) ∀I |I| = κ, for every morphism f :
∏
i∈I Ri −→M, ∀iRi = R,
|{i ∈ I : f(ei) 6= 0}| < κ.
(5) ∀I |I| ≥ κ, for every morphism f :
∏
i∈I Rai −→M ,
|{i ∈ I : f(ai) 6= 0}| < κ.
(6) ∀I |I| = κ, for every morphism f :
∏
i∈I Rai −→M ,
|{i ∈ I : f(ai) 6= 0}| < κ.
In case of regular κ, we also have the following equivalent statements:
(7) ∀I |I| = κ ∀Ai ∈ RMod, i ∈ I, for every morphism f :
∏
i∈I Ai −→ M ,
∃i0 < κ such that ∀i > i0 f |Ai = 0.
(8) ∀I |I| = κ, for every morphism f :
∏
i∈I Rai −→ M , ∃i0 < κ such that
∀i > i0 f(ai) = 0.
(9) ∀I |I| = κ, for every morphism f :
∏
i∈I Ri −→ M , ∀iRi = R, ∃i0 < κ such
that ∀i > i0 f(ei) = 0.
(10) ∀I cf |I| ≥ κ ∀Ai ∈ RMod, i ∈ I, for every morphism f :
∏
i∈I Ai −→ M ,
∃i0 < κ such that ∀i > i0 f |Ai = 0.
(11) ∀I cf |I| ≥ κ, for every morphism f :
∏
i∈I Rai −→ M , ∃i0 < κ such that
∀i > i0 f(ai) = 0.
(12) ∀I cf |I| ≥ κ, for every morphism f :
∏
i∈I Ri −→ M , ∀iRi = R, ∃i0 < κ
such that ∀i > i0 f(ei) = 0.
Proof. (1)⇒ (2): Let |I| > κ and f :
∏
i∈I Ai −→ M . If, on the contrary, ∃J ⊆ I,
|J | = κ such that ∀j ∈ J f |Aj 6= 0, then we can take the restriction f
′ = f |
∏
j∈J Aj
with the same coordinate property. This would then contradict (1). (2)⇒ (3), (3)⇒
(4), (5) ⇒ (6) hold because, respectively, (2) is nominally more general than (3)
and (3) is nominally more general than (4) just as (5) is nominally more general
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than (6). (4)⇒(5): Let, on the contrary, ∃J ⊆ I, |J | = κ, such that ∀j ∈ J ,
f(aj) 6= 0. We have the quotient maps qj : R −→ R/Ann(aj) ∼= Raj and the product
map q =
∏
qj :
∏
j∈J Rj −→
∏
j∈J Raj. Consider f
′ = fq :
∏
j∈J Rj −→ M .
We have f ′(ej) = f(aj) 6= 0, ∀j ∈ J , which would contradict (4). (6)⇒ (1): Let
|I| = κ and f :
∏
i∈I Ai −→ M be such that, on the contrary, ∃J ⊆ I |J | = κ with
∀j ∈ J f |Aj 6= 0; in other words ∃aj ∈ Aj with f |Raj 6= 0 Consider the restriction of
f , namely f ′ :
∏
j∈J Raj −→ M . But then f
′|Raj on a set J of cardinality κ which
would contradict (6). The equivalences (7) – (12) are proved in a like manner as
(1) – (6). We only need to connect the two batches: (7)⇒(1) follows, once we note
that ∀i0 < κ |(←−, i0)| < κ. As for (1)⇒(7), given a morphism f :
∏
i∈I Ai −→ M ,
the cardinality |Si| = |{i < κ : f |Ai 6= 0}| < κ. This implies that supSi = i0 < κ,
since κ was assumed to be regular. We note that regularity of κ is not needed for
implications from the second batch of statements to the first. 
It appears that κ-slenderness is a characteristic of the lattice of submodules as
may be seen from the following:
Proposition 4.
(1) The trivial module 0 is κ-slender, for every κ.
(2) M is κ-slender, iff ∀N ≤M , N is κ-slender.
(3) For every infinite cardianl κ, every slender R-module is κ-slender.
(4) Let κ ≤ λ; then every κ-slender module is also λ-slender.
(5) Rκ is not κ-slender.
(6) For all cardinals κ < λ, and Bj ∈ RMod, j < κ,
∏
j<κBj is λ-slender, if
and only if every Bj is λ-slender. In particular, R
κ is λ-slender if and only
if R is λ-slender. Furthermore, ⊕j<κBj is λ-slender if and only if every Bj
is λ-slender.
Proof. (1) The definition verifies trivially.
(2) If f : Rκ −→ N →֒ M , then use Theorem 3(4) to conclude that {i ∈ I :
f(ei) 6= 0}| < κ, which establishes κ-slenderness of N . The other direction is a
tautology.
(3) By a known result (see e.g. Dimitric (2017), Theorem 3.10), an object M is
slender iff for every index set I and every morphism f :
∏
i∈I Ai −→ M , {i ∈ I :
f |Ai 6= 0} is finite (hence < κ).
(4) Let M be κ-slender and let f :
∏
i∈I Rai −→ M , (|I| = λ). By Theorem 3(5)
|{i ∈ I : f(ai) 6= 0}| < κ < λ, which establishes λ-slenderness of M .
(5) The identity map id : Rκ −→
∏
j<κRj is such that |{i ∈ I : id(ei) 6= 0}| = κ,
which shows, by Theorem 3, that Rκ is not κ-slender.
(6) If
∏
j<κBj is λ-slender, then, by (2), every submodule is λ-slender, hence
that applies to each Bj as well. Now assume that every Bj is λ-slender. If f :
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∏
i<λRai −→
∏
j<κBj , we know that then f =
(
fj :
∏
i<λRai −→ Bj
)
j∈J
, |J | = κ.
We know that ∀j ∈ J , forSj = {i ∈ I : fj(ai) 6= 0}, |Sj| < λ, since every Bj is
λ-slender. We have {i ∈ I : f(ai) 6= 0} = ∪j∈JSj . Assume first that λ is a regular
cardinal. Then | ∪j∈J Sj | ≤
∑
j∈J |Sj | < κλ = λ (the latter strict inequality holds
because λ is regular). Thus, indeed
∏
j<κBj is λ-slender. Hence, this statement is
true for regular cardinal λ = κ+, namely
∏
j<κBj is κ
+-slender. By (4),
∏
j<κBj
is λ-slender, for every λ ≥ κ+ > κ. The remaining claims are a special case and the
fact that the direct sum is submodule of the direct product, hence by (2) has to be
slender. 
Given an infinite cardinal κ, then a submodule N ≤ M ∈ RMod is said to be
κ-pure in M , if every system of (|I| < κ) equations of the form
∑
j∈J
rijxj = ni ∈ N, i ∈ I, rij ∈ R, (1)
with < κ unknowns xj , j ∈ J, |J | < κ that has a solution in M
J , also has a solution
in NJ . Notation for this is N ≤κ∗ M . Thus purity is then same as ℵ0-purity. The
derivative notion of a κ-pure exact sequence is straightforward. As κ is increased, the
classes (sets) of κ-pure exact sequences get smaller, in general. A module is κ-pure
injective if it has injective property with respect to all κ-pure exact sequences. A
module M is equationally (algebraically) κ-compact, if every system of ≤ κ linear
equations: ∑
j∈J
rijxj = mi ∈M, i ∈ I, rij ∈ R (2)
with the property that every finite subsystem has a solution, then has a global so-
lution. A module is algebraically compact iff it is κ-compact, for every cardinal κ.
Given κ < |R| one can construct examples of κ-compact modules that are not al-
gebraically compact. However, if M ∈ RMod is κ-algebraically compact, for some
κ ≥ |R|, then M is algebraically compact.
We have mimicked  Los´ (1959) to produce the following result, needed in the sequel:
Theorem 5. Let A be an index set, F a κ-complete filter on A and Mα ∈ RMod,
α ∈ A; then
∏F
α∈AMα is κ-pure in
∏
α∈AMα. Specially, for F = F0, the coproduct
⊕Mα is pure in
∏
Mα.
Proof. Assume that the system of linear equations
∑
j∈J
rijxj = ni ∈
∏
α∈A
F
Mα, i ∈ I, (rij)I×J row finite , |I|, |J | < κ
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has a solution mj ∈
∏
α∈AMα, j ∈ J ; this then translates into the componentwise
equalities:
∑
j∈J rijmjα = niα (∗), α ∈ A. By definition zero(ni) ∈ F , for all i ∈ I,
and since |I| < κ, we get, by κ-completeness of F , that Z = ∩i∈Izero(ni) ∈ F . Now
define yj ∈
∏
α∈I Mα componentwise: yjα = mjα, if α /∈ Z and yjα = 0, if α ∈ Z.
Every zero(yj) ⊇ Z ∈ F , thus all yj ∈
∏F
Mα; but the yj also provide a solution of
the original system of equations, by the way we defined them, by (∗) and by the fact
that for α ∈ Z we have niα = 0, for all i. 
Denote by Sκ the class of κ-slender modules, where S denotes, for brevity, the
class of slender modules.
Proposition 6.
(1) We have an ascending chain of non-empty classes:
S ⊂ · · · ⊂ Sκ ⊂ Sκ+ ⊂ · · · ⊂ Sλ ⊂ · · · ⊂ RMod κ < λ .
The chain is strictly ascending, if R is slender.
(2) The union of this chain is 6= RMod, since non-zero algebraically compact
modules are not κ-slender, for any κ.
Proof. (1) is a consequence of Proposition 4(1),(4). For (2), given a cardinal κ,
assume that M ∈ RMod is algebraically compact and let 0 6= a ∈ M . By Theorem
5, we have a pure exact sequence
0 −→
⊕
I
Ri −→
∏
I
Ri −→
∏
I
Ri/
⊕
I
Ri −→ 0, Ri = R (3)
Define f0 : ⊕Ri −→ M coordinatewise: ∀i ∈ If0(ei) = a. Since M is algebraically
compact, we can extend f0 to the morphism f :
∏
I Ri −→ M , for which we have
∀i, f(ei) = a 6= 0, which shows that M is not κ-slender, for any κ. 
Consequently, if R algebraically compact (pure injective), then, by Proposition
6(2), R is not λ-slender, for any λ and then the product Rκ, being algebraically
compact, is not λ-slender, for any λ, κ.
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2. Tailwise slenderness
Definition 7. Given a cardinal κ, an M ∈ RMod is said to be tailwise κ-slender,
or tκ-slender for short, if for every morphism f :
∏
i<κRai −→ M , there exists an
i0 < κ such that f(
∏
i≥i0
Rai) = 0. This is equivalent to the requirement that,
for every morphism f :
∏
i<κRi −→ M , Ri = R, there exists an i0 < κ such that
f(
∏
i≥i0
Ri) = 0.
We note a straightforward but important fact as follows:
Proposition 8.
(1) If M is tκ-slender, then it is κ-slender.
(2) If M is tκ-slender, then, for all cyclic modules Rai, i ∈ I, |I| = κ:
HomR(
∏
i∈I
Rai/
∏
i∈I
κ
Rai,M) = 0.
Proof. (1) Si = {i < κ : f |Ai 6= 0} ⊆ (←−, i0) and |(←−, i0)| < κ, since κ is a
cardinal.
(2) If κ = |I| and f :
∏
i∈I Rai −→ M is a morphism, then, by tκ-slenderness of
M , ∃i0 < κ such that f(
∏
i≥i0
Rai) = 0. We note that
∏
i<i0
Rai ⊆
∏κ
i∈I Rai since
κ is a cardinal and |(←−, i0)| < κ. The claim will follow, once we note the obvious
splitting:
∏
i<κRai =
∏
i<i0
Rai ⊕
∏
i≥i0
Rai. 
As for the converse of implication (1) in this proposition, it may not always be true
and it is related to intricate constructions of set-theoretical nature. It is well-known
that, for κ = ω0, the equivalence holds, if and only κ is a non-measurable cardinal
(see Dimitric (2017), Theorem 3.10).
Proposition 9.
(1) The trivial module 0 is tκ-slender, for every κ.
(2) M is tκ-slender, iff ∀N ≤M , N is tκ-slender.
(3) For every infinite non-measurable cardianl κ, every slender R-module is tκ-
slender.
(4) Rκ is not tκ-slender.
(5) For all cardinals κ < cfλ, and {Bj ∈ RMod : j < κ},
∏
j<κBj is tλ-slender,
if and only if every Bj is tλ-slender. In particular, R
κ is tλ-slender if and
only if R is tλ-slender. Furthermore, ⊕j<κBj is tλ-slender if and only if
every Bj is tλ-slender.
(6) If 0 −→ A
α
−→ B
β
−→ C −→ 0 is an exact sequence and A,C are tκ-slender,
then B is likewise tκ-slender.
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Proof. (1) and (2) follow directly from the definition. (3) follows from Dimitric
(2017), Theorem 3.10(5), which states, that if |I| = κ is a non-measurable cardinal
and M is slender, then, for every morphism f :
∏
i∈I Ai −→ M , there exists an
i0 ∈ I, i0 < ω such that f(
∏
i≥i0
Ai) = 0. For (4), consider the non-tκ-slender
identity morphism id : Rκ −→ Rκ.
(5) If
∏
j<κBj is tλ-slender, then, by (2), every submodule is tλ-slender, hence
that applies to each Bj as well. Now assume that every Bj is tλ-slender. If f :∏
i<λRai −→
∏
j<κBj , we know that then f =
(
fj :
∏
i<λRai −→ Bj
)
j∈J
, |J | = κ.
We have ∀j ∈ J ∃i(j) < λ with f(
∏
i≥i(j) Rai) = 0. Let i0 = sup {i(j) : j < κ}. By
the assumption, cfλ > κ, therefore i0 < λ. Now we clearly have f(
∏
i≥i0
Rai) = 0.
The remaining claims are a special case and the fact that the direct sum is submodule
of the direct product, hence by (2) has to be tλ-slender.
(6) Let f :
∏
i<κRai −→ B be an arbitrary morphism. Then βf :
∏
i<κRai −→
C, hence, by tκ-slenderness of C, there is an i′ < κ such that βf(
∏
κ>i≥i′ Rai) = 0.
In other words, f(
∏
κ>i≥i′ Rai) ⊆ ker β = Imα
∼= A, which implies that f maps∏
κ>i≥i′ Rai into Imα
∼= A. On the other hand, A was assumed to be tκ-slender
which then implies that there is an i0 < κ, i0 ≥ i
′ with f(
∏
κ>i≥i0
Rai) = 0, which
establishes slenderness of B. 
3. Classes Hκ
Definition 10. Given an infinite cardinal κ, an M ∈ RMod is called an hκ-module,
if, for every index set I, and every family of R-modules {Ai : i ∈ I}, the following
holds:
HomR(
∏
i∈I
Ai/
∏
i∈I
κ
Ai,M) = 0.
For brevity, denote Dκ =
∏
i∈I Ai/
∏ κ
i∈I Ai, so that we can rewrite this condition as
HomR(Dκ,M) = 0.
The class of hκ-modules is denoted by Hκ.
Some well-known properties of the Hom functor are instrumental in obtaining
some properties of hκ modules as follows:
Proposition 11.
(1) 0 ∈ Hκ.
(2) Hk is closed with respect to submodules.
(3)
∏
Mj ∈ Hk if and only if, every Mj ∈ Hκ (closure with respect to products).
(4) For a short exact sequence 0 −→ A
α
−→ B
β
−→ C −→ 0, if A,C ∈ Hκ, then
B ∈ Hκ.
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(5) If M is tκ-slender, then M ∈ Hκ.
(6) If κ < λ, then Hκ ⊆ Hλ.
Proof. (1) is trivial. (2) follows from the fact that, if B ≤ A, then homDκB ≤
homDκA. The natural isomorphism homDκ
∏
Mj ∼=
∏
homDκMj establishes one
implication of (3) and the other implication is a consequence of (2). (4) is a con-
sequence of left exactness of the Hom functor: 0 −→ homDκA −→ homDκB −→
homDκC. For (5) assume that, on the contrary, there were an a = (ai)i∈I ∈
∏
i∈I Ai,
and a morphism f : Dκ −→ M with f(a) = 0; then it would contradict Proposition
8(2) since we would have HomR(
∏
i∈I Rai/
∏
i∈I
κ
Rai,M) 6= 0. For (6), use the fact
that, for κ < λ,
∏
i∈I
κ
Ai ≤
∏
i∈I
λ
Ai. 
Properties (2)–(4) signify that Hκ is a torsion free class for a torsion theory, for
every κ (cf. e.g. Stenstro¨m (1975)).
A good question is whether Proposition 11(5) holds for coordinate κ-slender mod-
ules. It does for κ = ω0 and non-measurable index sets I (cf. Dimitric (2017),
Theorem 3.9). We are exploring this issue for uncountable κ, at present time.
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